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EXISTENCE AND MULTIPLICITY RESULTS FOR THE 
FRACTIONAL SCHRODINGER-POISSON SYSTEMS 


JINGUO ZHANG 


Abstract. This paper is devoted to study the existence and multiplicity solu¬ 
tions for the nonlinear Schrddinger-Poisson systems involving fractional Lapla- 
cian operator: 



where (—A)“ stands for the fractional Laplacian of order a € (0 , 1). Under 
certain assumptions on V and /, we obtain infinitely many high energy solu¬ 
tions for CJi without assuming the Ambrosetti-Rabinowitz condition by using 
the fountain theorem. 


1. Introduction and main results 


In this paper, we are concerned with the existence and multiplicity results for 
the following nonlinear Schrddinger-Poisson systems involving fractional Laplacian: 

x)u + (jju = f{x,u), a: S 



( 1 . 1 ) 


X G 


where (—A)“ is the fractional Laplacian operator for ct = s, t G (0,1). In (II.IL 
the first equation is a nonlinear fractional Schrddinger equation in which the po¬ 
tential (j) satisfies a nonlinear fractional Poisson equation. For this reason, system 
(HID is called a fractional Schrddinger-Poisson system, also known as the fractional 
Schrddinger-Maxwell system. 

If (/) = 0 for all a; G system dm reduces to the nonlinear fractional scalar 
field equation 


{—Ayu + V{x)u = f{x,u) cc G R^ 


which has been extensively investigated, see for example, n El 1 na m [ig and 
references therein. This equation is not only a physically relevant generalization of 
the classical NLS but also an important model in the study of fractional quantum 
mechanics. In [HI Eg, Laskin introduced this equation by expanding the Feynman 
path integral from the Brownian-like to the Levy-like quantum mechanical paths. 

To the best of our knowledge, there are only a few article studying the existence 
and multiplicity of solutions for nonlinear elliptic system dHD involving fractional 
Laplacian via the variational methods after it was introduced in |10j . In [10] . the 
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author studies the following one dimensional system 

I — Am + (j)u = a|M|^“^M, X G R, 

"I (—X G R, ^ ^ 

where 1 < p < 5, 0 < t < 1. In m the diffusion is fractional only in the 
Poisson equation. Recently, in m, the author proved the existence of radial ground 
state solution of dm when V{x) = 0 and nonlinearity f(x,u) is subcritical or 
critical growth. In this paper, we deal with the non-autonomous case when V (x) 
is not a constant, and use the Fountain Theorem to find infinitely many large 
energy solutions to system (HU. Our system is more general and contain this as a 
particular case. 

Observe that, taking s = t = 1 , the system HU reduces to the classical 
Schrodinger-Poisson system 

I — Am + y(x)u + (/)M =/(x, u), X G R^, 
y — A(p = V?, X G R^, 

Several papers have dealt with this problem, see, e.g., [HElEllIllIllISlEolEll 
[23] and references therein. In [20], the authors dealt with the case when / is 
asymptotically linear at infinity. In U [23], the authors proved the existence of 
ground state solutions for the case when / is superlinear at infinity. Moreover, 
infinitely many high energy solutions for the superlinear case were obtained in 
via the fountain theorem. In [^, the following Ambrosetti and Rabinowitz 
condition was assumed, 

(AR) There exist ^ > 4 and L > 0 such that 

0 < fiF{x,u) < uf{x,u), Vx G R^, |m| > L, 

where F{x,u) = /J*/(x, 77 )^ 77 . It is well-known that the condition (AR) is crucial 
in verifying the boundedness of the {PS)c, c G R, sequence of the corresponding 
functional. Without condition (AR), this problem becomes more complicated. In 
[B], by using the variant fountain theorem, the authors only considered the case, 
where /(x,m) is odd in u and F{x,u) > 0 for all x G R^, m G R. The natural 
question is whether system (ED has infinitely many high energy solutions if / is 
odd but does not satisfy F{x,u) > 0. To answer these questions, we assume the 
following more natural conditions (/a) or ( 74 ) and give a positive answer. So, we 
generalize the result in [ 6 ] , and deal with the Schrodinger-Poisson with fractional 
Laplacian operator. Moreover, the other main difficulty is to drive the boundedness 
of the {PS)c sequence of the corresponding functional. To overcome this difficulty, 
we will employ the condition (/a) (or ( 74 )) to ensure the boundedness of the {C)c 
(or {PS)c) sequence. If f{x^ u) is odd in m, we obtain infinitely many high energy 
solutions by using the fountain theorem. 

We introduce the following hypotheses on potential V and the nonlinear term f: 

(V) inf 2 ;gK 3 P(x) > Vb > 0, where Vb is a constant. Moreover, for every M > 0, 
meas({x G R^ : V{x) < M}) < 00 , where meas(-) denote the Lebesgue 
measure in R^. 

(7i) there exists ai > 0 and p G (2, 2*) such that 

|7(x,m)| < ai(l + |m|^“^), V(x,m) g R^ x R, 
where 2* := ^ 7*28 critical exponent in fractional Sobolev inequalities. 
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(/ 2 ) lim = +00 uniformly for x G 

| li |—>-00 ' ' 

(/a) there exists L > 0 such that 

uf{x,u)—AF{x,u)>0, Vx G R^, \u\>L. 
(/ 4 ) there exits a constant 0 > 1 such that 

0F{x, u) > J^{x, Tu), V(x, u) G R^ X R, Vr G [0,1], 

where J-{x, u) = uf{x, u) — 4F(x, u). 

(/s) “■“) = —fix, u), V(x, It) G R^ X u G R. 

Under the above hypotheses, our results can be stated as follows. 


Theorem 1.1. Assume that {V), (/i) — (/a) and (/s) hold. Then when s , t G (0,1) 
satisfying 4s + 2t > 3 problem (EB) has infinitely many solutions {(ufe,())L)}w 
i?®(R^) X Z?*’^(R^) satisfying I{uk) —t +oo as k ^ oo, where the functional I is 
defined in (1^ . 


Theorem 1.2. Assume that {V), (/i) — (/ 2 ) and (/ 4 ) — (/s) hold. Then when 
s, t G (0,1) satisfying 4s + 2< > 3 problem (II.ID has infinitely many solutions 
{{uk y(lfuk)} H'^iM.^) X i4‘’^(R^) satisfying /(ufe) —>■ +oo as k ^ oo. 

Remark 1.1. From (AR) condition, for any x G R^, |u| > L and p G , 1], we 
obtain 

d r F{x,pu) \ ^ fix,pu)pu - p,F{x,pu) ^ ^ 
dp\ ? 7 ^ / — ’ 

which implies that 

Fix, u) > ^-Fix, ^) > -^ inf A(x, u), (1.3) 

L |u| W\=L 

for all X G R^ and |u| > L. Since ^ > 4 and inf U(x,it) > 0 for all x G R^, the 
inequality (IE3D yields that 
F(x,u) 

|^|4 > I F[x, u) +00 , as \u\ oo 

and then 

m/(x, u) — 4F(x, u) > ifi — 4)F(x, m) > 0 
for |u| sufficiently large. Therefore, (AR) implies if 2 ) and (/a). 


From Theorem o and Remark o we get the following Corollary. 


Corollary 1.1. The conclusion of Theorem \l.l\ holds, if (V), (AR), (/i) and (/a) 
hold. 


Remark 1.2. Condition (/ 4 ), which is weaker than the assumption that: 

if a) increasing in it > 0 and decreasing in it < 0, 

is originally due to Jeanjean m for semilinear problem in R^. 

From Theorem O and Remark ll.21 we get the following Corollary. 

Corollary 1.2. The conclusion of Theorem \1.2\ holds, if iV), (/i) — (/ 2 ), if 4 ) and 
if 5 ) hold. 
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Remark 1.3. Obviously, under (/ 2 ) and (/a) or (/ 2 ) and {f^) , any {PS)c (or 
(C)c)-sequence of the corresponding energy functional is bounded, which plays an 
important role of the application of variational methods. 

The remainder of the paper is arranged as follows. In Section 2, we present the 
variational setting for solving our problem. In Section 3, we give the proofs of the 
above existence results. 


2. Variational settings and preliminaries 


In this section, we first recall the variational setting for system (HD. A complete 
introduction to fractional Sobolev spaces can be found in [5] , we offer below a short 
review. We recall that the fractional Sobolev space IV“’^(K^) is defined for any 
p S [1, +oo) and a G (0,1) as 



This space is endowed with the Gagliardo norm 



If p =2, the space is denoted by R“(K^), an equivalent definition of 

fractional Sobolev spaces is based on Fourier analysis, that is. 



and the norm can be equivalently written by 



where u denote the usual Fourier transform of u. Furthermore, we know that || • \\h<^ 
is equivalent to the norm 



In this article, in view of the potential V{x), we consider the subspace 


Then, Ey is a Hilbert space with the inner product 




and the norm 



Furthermore, we know that || • \\ev is equivalent to the norm 
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and the corresponding inner product is 


{u,v)e = / ({—A)‘^u{—A)'^v + V{x)uv)dx. 


Throughout out this paper, we use the norm || ■ Hb in E. 
The homogeneous Sobolev space is defined by 

which is the completion of C“(M^) under the norm 


and the inner product 


lb.,. = ( / l(-A)tupdx)" = ( / 

{u,v)e )‘^,2 = / {—A)^ u{—A)^ V dx. 

Jk" 

As usual, for 1 < p < +oo, we let 

\\u\\lp=(I \uix)\PdxY, uGL^iR^), 

Iblloo = ess sup,j,gRAr|u(a;)|, u G 

To prove our results, the following compactness result is necessary. 

Lemma 2.1. E is continuously embedded into for 2 < p < 2* := and 

compaetly embedded into Lp{R^) for 2 < p < 2^ 

It follows directly from the Lemma [2T] that there are constants Cp > 0 such that 

IbllLP < CpIblU, VuGE, pG[2,2*J. 

Lemma 2.2. For any a G (0 , 1), Z1“’2(]R3) is continuously embedded into 
i.e., there exists Sa > 0 such that 

( ( < Sa [ \{—A)^u\'^dx, Vu G 

It is easy to reduce (ED to a single equation. Indeed, using the Holeder inequal¬ 
ity, for every u G E 


u^vdx < 


\u\3+3tdx 


3 + 2 t 

6 


|u| * dx 


<St\\ur^\\v\\Dr2 


( 2 . 1 ) 


where using the following inequality 

E ^ (R^) if 2t -h 4s > 3. 

Thus, by the Lax-Milgram theorem, there exists a unique G 

f v{—A)*(j)\^dx = f {—A)^(jf^{—A)^vdx = f u^vdx, v G Z?*’^(R^). (2.3) 

Jr3 yR3 yR3 

Therefore, satisfies the Poisson equation 

{-AYcfl = u^, xG R^ 


( 2 . 2 ) 
such that 
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and we can write an integral expression for in the form: 


Ax) =Ct 

JR3 


Ay) 


/R3 \x-y\ 

which is called t-Riesz potential, where 


3-2t 


dy, X e 


‘ r(t) ■ 


(2.4) 


It follows from (j2.4|) that (Au{x) > 0 for all a: G Combining (12.111 and (12.311 . we 
have 

||<('ullr >*.2 < < CiWuWfj^, if 2t + 4s > 3. 

Hence, by the Holder inequality and Lemma [2Hl we get 

n /* 1 ^ 

/ (j)*^u^dx< ( / ( / \u^\^^dx') 

JRS ^ JRS ^ ^ JRS ^ 

<cMU4urH. 

<C2\\u\\%., 


where Ci, C 2 > 0. Substituting (1^ in to (nm , we can rewrite dnn in the 
following equivalent form 

{—l\Yu + V{x)u + (tAuU = f{,x,u)^ a; G 


We define the energy function / : i? —>■ K by 

I{u) = \\\u\\‘e + \ ( AW<ix- [ F{x,u)dx. (2.6) 

From (/i) and (12.Sp . I is well-defined. Furthermore, it is well-known that I is 
functional with derivative given by 

(/'(u),u) = / ({—A)iu-{—A)iv+V{x)uv+4uUV—f{x,u)v\dx, Vv € E. (2.7) 
iR3 ^ 

Obviously, it can be proved that if it is a critical points of I, then the pair (it, (fY) 
is a solutions of system dnj. 

For reader’s convenience, we introduce the Cerami condition (C), which was 
established by Cerami [3]. 


Definition 2.1. Let {X , || • ||) be a real Banach space, 4> G C'^(X , K.). We say 
that $ satisfies Cerami condition at level c G ffi. ( for short (C')c) if any sequence 
{itn} C X such that 4>(it„) —>■ c and (1 -|- ||itra||)||‘h^(Mn)|| —>■ 0 as n —>• 00 has a 
convergence subsequence. 


In order to prove our main results, we shall use the following Fountain Theorem. 
Let X be a reflexive and separable Banach space with the norm || • || and X = 
© ■gpj Xi with dimXi < 00 for all i G N. Set 

k _ 

Wk = ^X, and Zfe=0W. 

i—1 i>k 

Theorem 2.1 (Fountain Theorem). Assume that function $ G C^{X , M.) satisfies 
^{—u) = $(ii). For almost every /c G N, there exist pk > rk > 0 such that 
(i) Qk := max„gvVfc.||«||=pfc ^4) < 0, 
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(ii) bk ■■= vaiu^Zk,\\u\\=rk +oo, as k ^ oo, 

(iii) $ satisfies the (C)c-condition for all c > 0. 

Then $ has a sequence of critical points {uk} such that $(wfe) —>■ +cx3 as k ^ oo. 

Remark 2.1. In [16) . the fountain theorem and mountain pass theorem were estab¬ 
lished under the (PS) condition respectively. Since the deformation theorem also 
holds under the {C)c condition, these theorems are true when the {C)c condition 
is used instead of the (PS) condition. 


3. Proof of Theorem 11.21 and 11.21 

In this section, we shall apply the Fountain Theorem to find the critical points 
of /. We first show that the functional I satisfies the (C)c condition for any c G M. 

Lemma 3.1. Suppose that (V), (/i) — (/a) hold. Then the functional I satisfies 
the {C)c-condition for all c . 


Proof. Let {un} C E he a, {C)c sequence of /, that is, 

I{un) —>■ c and (1 + \\un\\E)I'{un) —>■ 0 as n —>• 00 . (3.1) 

In what follows, we shall show that {un} is bounded in E. Otherwise, up to a 
subsequence, {un} is unbounded in E, and we may assume that ||Mn||£; —>■ oo as 
n —>■ 00 . We define the sequence {w„} by 

= Ti—n = 1, 2, 3, • • •. 

\\Un\\E 

Clearly, {«;„} C E and ||wra||E = 1 for all n G N. Going over, if necessary, to a 
subsequence, we may assume that 

Wn w weakly in E, 

Wn ^ w strongly in 2 < p < 2*, (3.2) 

Wn{x) — >■ w{x) a.e. x G 


We first consider the case ic 0 in then the set O := {x G R^|w(a;) ^ 0} 
has positive Lebesgue measure. For all x € fl, we have |tt„(x)| —>■ 00 as n —>■ 00 , so 
that, using (/ 2 ), for all x G ft, 


F{x,Un) _ F(x,Un) \Un\‘ 

\\Un\\% |Wn|'‘ llWnll 


F{x,Un). ,4 

—;-Wrj, 


-foo as n —>■ 00 , 


and then, via Fatou’s Lemma, 

f F{x,Un) 


Ax —>■ +00 as n —>■ 00 . 


Jn Wu-uWe 

On the other hand, by {f^), there exists L > 0 such that 
F{x, u) >0, Va; G , |u| > L. 


(3.3) 


(3.4) 


Moreover, it follows from (/i) that for any e > 0 there exists c{e) > 0 such that for 
all X G R^, |u| < L, we have 


\f{x,u)\ < e\u\ + c{e)\u\P. 


( 3 . 5 ) 
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Then, by the mean value theorem, for all |u| < L, we obtain 


\F{x,u)\ = \F{x,u)-F{x,0)\= [ \f{x,T]u)udf] 

Jo 




< ciImI' 


(3.6) 


where Ci = | + c(g) ^ ^ > 0. Combining this with p.4l) . we have 

F{x,u) > —ci|mP, V(a:,u) G x R, 
which implies that there exists C 2 > 0 such that 

F{x,Un) > —C 2 \Unf, for all cc G R^ \ 


Hence, we obtain 




\u„fdx 


/R3\n 


J-rill E 


> 


^n\\E ./R3\n 

C 2 f , 


^dx 


^nW E ./R^ 


> -C3' 


\ Un \\] 


114 ’ 


C 3 > 0 , 


(3.7) 


which implies that 


lim inf 

n—^oo 


F{x,Un) 


Js.3\Q ||M. 

So, combining (13.31) with (13.81) . one has 
F{x,Un) 


n\\E 


dx > 0 . 


lim 

”^°°Jr 3 \\ Un\\E 


Note 


-||u„ 


r F{x,Un) 

/r 3 IlMnlll; 


dx = 


/r3<('L^»^^ 4c 


\E 


<€ 2 + o(\\u. 


||W 

1-4 


III 


+ 0{\\uj^^) 


nWE 


) < 00 , 


(3.8) 


dx= lim ([+ [ ) dx = + 00 . (3.9) 

n^oo\J^ jR3\o/ llWnll^; 


^III + t/ (I^Luldx- [ F{x,Un) = c + o{l). 

4 JR 3 JR 3 

Dividing both sides by ||Mn||^ and letting n —>■ 00 , we deduce via (1231) that 


where C 2 is a positive constant. This contradicts (EH). 

For the second case w = 0. It follows from (13.51) and (13.61) that, for all a; G R^ 
and |m| < L, 

\uf{x, u) — 4:F{x, m)| < (g + 4ai)|up + c(g)|u|^ < C 4 |up, 
where C 4 = (g + 4ai) + c{e)LP~^ > 0. This, together with (/s), obtain that 
uf{x, u) — 4:F{x, u) > —C 5 |itp, V(x, m) G R^ X R, 


(3.10) 
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where C 5 is a positive constant. Therefore, from (|3.1|) . (I3.2|1 and (I3.10[) . for n large 
enough, we get 


c + 0(1) = /(m„) - -{I'{Un),U„) 


> 


^llWnlll: + ^ (^f{x,Un)Un - 4:F{x,Un)^ dx 

\\\Un\\%-\c5 [ \Un\^dx 
4 4 J^3 

\Wn\'^dx')\\Un\\% ^ 00, 

4 JR 3 / 


as n —>■ 00 , which is contradiction. 

In any case, we deduce a contradiction. Hence {un} is bounded in E. 

Next, we verify that {u„} has a convergent subsequence. Without loss of gener¬ 
ality, we assume that 

Un ^ u, weakly in E] 

Un —>■ u, strongly in L^, 2 < p < 2 *. 


By (Eli), we easily get 


\\Un- U\\% = {I'iUn) - l'{u),Un- U) + / { 4 >\^^Un - 4 >uU){Un - u) dx 

- / {f{x,Un)- f{x,u)){Un-u)dx. 

JS.3 


It is clear that 

{!'[un) — Un — u) ^ 0 as n —>■ 00 . 

According to (/i) and the Holder inequality, we get 


/ {f{x,Un)- f{x,u)){Un-u)dx 

JR3 


< 


/R3 


Oi 

IT' 


< 


^(11 




0 


2l 

p 


\p-i 


p-i 


— uldx 


L2 I ||«ra ■ 


Un - u||l2 -I-( ||U 


ip-l 
^n \\lp 


|P-1 

Ilp 


)| 


Un - U\\lp. 


Since Un ^ u strongly in LP(R^) for any p S [2, 2*), we have 

/ {f{x,Un) — f{x,u)){un — u)dx^O as n —>■ 00 . 

7r3 

Moreover, by the Holder inequality, Sobolev inequality and ( 1 ^ . we have 
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where ce > 0 is a constant. Again using Un ^ u in E and {un} is bounded in E, 
we have 


Similarly, we obtain 


/ 4'u„Un{Un — u) dx ^ 0 aS 71 —>■ 00 . 
dR3 

/ (j)l^u{un — u) dx ^ 0 as n —>■ oo. 

Jr3 


Thus, 


/R3 


— (f>l^u){Un — u) dx ^ 0 aS 77 —>■ OO, 


SO that llura — u\\e —>■ 0. Therefore, we prove that I satisfies {C)c condition for any 
c e R. □ 


Lemma 3.2. Suppose that {V), (/i), (/ 2 ) and (/ 4 ) hold. Then the functional I 
satisfies the {C)c condition for alZ c G R . 

Proof. Like in the proof of Lemma 13.11 it suffices to consider the case w 0 and 
w = 0, the {C)c sequence {u„} is bounded in E. 

If TO ^ 0, the proof is identical to that of Lemma [3.II 

If Tu = 0, inspired by we choose a sequence {rjn} C R such that 

liVnUn) = max I{riUn). 
i)e[o,i] 


Fix any tti > 0, letting Vn = V Itti Wn, one has 


in LP(R^), I<p<2:, 

Un —>■ 0 a.e. X G R^. 

Then, by (13.5p , (j3.11|) and Lebesgue dominated convergence theorem. 


(3.11) 


dx] = 0, 


lim [ F{x,Vn)dx< lim (- [ \vn\'^ dx + [ [ 

Jr3 ri-loo V 2 Jr3 P 7r3 

So, for n sufficiently large, we obtain 

I['nnUn)>I{vn) = ‘2.m+\ [ dx - [ F{x, Vn) dx > 2m, 

4 Jr3 Jr3 

which implies that liminf„_>oo I{rinUn) > 2r7i. By the arbitrariness of m, we have 


lim I{r]nUn) = + 00 . 
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Since 7(0) =0 and I(un) —>■ c as n —^ c», I{r]Un) attains inaximum at S (0, 1), 
Thus, {I'{rinUn) , rjnUn) = o(l) for large n. Therefore, using (/ 4 ), 


{Un),Un) ='^\\Un\\\ + ^ J (^f {x, Un)Un - 4:F {x, Un)^ dx 

T ll^nll E ~7 [ ‘^(^j ^n) 

4 4 J^3 

1 If 

^ ^ll^nWnlll; + ^ J^^J^{x,r]nUn)dx 

= ^ ^ y (^f{x,rinUn)r]nUn-4:F{x,r]nUn)^dx 

~ ~Q (^TjjiV’n^ 4^^ iVn'^n)^Vn'^n)^ 


This contradicts (13.11) . In any case, we deduce that the {C)c sequence {un} is 
bounded in E. This completes the proof. □ 


Proof of Theorem \1.1[ For the Hilbert space E, we choose an orthogonal basis {ci} 
of E, let Xi = spanjei}, i = 1, 2, • • •, and define 


k oo 

Zk = Xi. 

i—1 

Then E = Yk ^ Zk- According to Lemma l3T] and the oddness of /, we know that 
I satisfies the {C)c condition for any c G K and I{—u) = I{u). It remains to verify 
the conditions (i) and (ii) of Fountain Theorem EH 

Verification of (i). Since on the finite dimensional space Yfe all norms are equiv¬ 
alent, there exists Ck > 0 such that 

Ck\\u\\LP>\\u\\E, VuGlfe. (3.12) 

From (/ 2 ) we deduce that, there exist L > 0 and > 0, such that for all x G K^, 
|m| > L, we have > Mk, that is, 

F{x,u) > Mk\u\'^, Va; G K^, V|u| > L. (3.13) 

By (/i), one has 

\E{x,u)\< (^ + —LP-A\u\'^, Va:GK3, V|u| < L, 

\ 2 p / 

which and (j3.13p implies that 

F{x,u) > Mk\u\‘^ — V(a;,u) G x R, (3.14) 

where 0 < C 7 < ^ -I- Combining (I3.12L (13.141) with (12. Sp . we obtain 

4(w) = ^||m||| +7 / (l)Wdx- [ F{x,u)dx 

< l\\u\\% + ^\\u\\% - Mk [ \u\^dx + C 7 [ \u\'^dx 


(3.15) 
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for all u £Yk. Let Mk large enough such that C 2 — 4-^ < 0, and choosing 


Pk > niax{( 

inequality (13.151) implies that 


Ofc := max I{u) < 0 

U&Yk,\\u\\E=Pk 


for some pk > 0 large enough. 

Verification of (ii). For any 2 < p < 2*, taking 

Pk ■■= sup \\u\\lp, (3.16) 

«eZfe,||ii||E=i 

one has /3fe —>■ 0 as /c —>■ 00 (see [i Lemma 2.5]). From (/i), for any e > 0 there 
exists Ce > 0 such that 

|F(a;,u)| < e|u|^ + C'e|u|^’. 

Moreover, due to > 0 for all u G iL®(R^), we have 

Hu) = l\\u\\l + ]: [ piu^dx- I F{x,u)dx 

^ 4 Jg_3 Jg_3 

>i\\u\\%- f \F{x,u)\dx 
>hw\\E-£f \ufdx-Ce [ \u\Pdx 

where Vb is a lower bound of V(a;) from {V) and Pk are defined in (I3.16F Choosing 
Tk := iVopPk)~, we obtain 


bk = inf I(u) 

MGZfc,||«||E='rfc 



Because /3fe —>■ 0 as fc —^ 0 and p > 2, we have 

{CepPD^ +00 

for enough small e. This proves (ii). Now, by Theorem 12.11 / possesses a sequence 
of critical points {uk} C E such that I{uk) —>■ +00 as fc —>■ 00 . This complete the 
proof of Theorem 11.11 □ 


Proof of Theorem \1.2l By virtue of Lemma 13.21 and assumption (/s), we see that 
/ satisfies the {C)c condition and is even in u. Like in the proof of Theorem ll.il 
assumptions (/ 2 ) and (/ 4 ) indicate that I satisfies the conditions (i) and (ii) of 
Theorem 12.11 Hence Theorem 11.21 holds. □ 
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